A note on Fourier-spectral method in JOREK:
extending the method for inclusion of second

derivatives of the test and basis function
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1 Introduction

In this note the details of the implementation of the Fourier-spectral method
in JOREK are written. The aim is to extend the method to include the sec-
ond derivatives in the physical/numerical model. The physical model can be
extended to include the Ohmic heating term. The hyper-diffusion terms in the
toroidal direction can be implemented. Furthermore, the complete residual can
be taken into account in VMS stabilization terms.



2 Fourier-Spectral method:

Let ¢ = [0, 27[ denote periodic direction and the governing equation be repre-
sented by:

ow
2 = R(9) V6 € [0, 2]

The function R(¢) is approximated as a truncated Fourier series as:

where ¢™® are the basis functions. The RHS of a PDE is written in the Galerkin
weak form as:

I= /e*i’w R(¢) do Vk € [0, N]

Putting the expansion of the function in the above weak form:

. N in
I= / e ke (%R(n) e ¢> d¢ Vk € [0, N]

The coefficients R(n) are obtained using discrete Fourier transform. Further,
I, = /eiik‘;5 R(n) e™? d¢
= /R(n) UL )
= /R(n) "R 4
I, = 27w R(n) 0 n = 27 R(k)
where, R(k) is

R(k) = R(g) &%
= R(¢) cos(kg) — iR(¢) sin(k¢)
R(k) = Real(R(k)) — i Imag(R(k))

For the first derivatives,

R(k) = —i k R(¢) e
= —i k R(¢) cos(¢) + > k R(¢) sin(¢)
= —i k R(¢) cos(¢) — k R(¢)sin(¢)

R(k) = —k Imag(R(k)) — i k Real(R(k))



For the second derivatives,

R(k) = —k* R(¢) e~ *¢
= —k* R(¢) cos(¢) +1i k* R(¢)sin(¢)

= —k* R(¢) cos(¢) +1i k* R(¢)sin(¢)
R(k) = —k* Real(R(k)) + i k* Imag(R(k))

This can be, let us say, RHS kk is JOREK.

3 Implicit part

Implicit time integration method requires an evaluation of the jacobian matrix.
For the RHS:

Apm(9) = / e~ ke 37;71(57) e™? dg
= [ (o) e as
-/ (cos<k¢> —isin(kqs)) 7(6) (cos(m¢)+isin<m¢)) a
(@) = [ cos(kd) T(9) cosm) do -+ [ i cos(id) T(6) sin(mo) ds
— [isin(k0) 7(6) costms) do+ [ sin(ke) 7(6) sin(me) do



3.1 No derivatives on the test and basis functions

The first contribution:

AL () = / cos(ké) T (@) cos(ma) do

/cos (ko) Z J(1)e'? cos(me) de

I=—N

_ (Y ke —ike zlqﬁ pimé | p—ime
_/2(6 +e Z J(1 +e do

1 Z /J [z(k+l+m)¢+e(l~c+l m)¢ 4 pi(=ktitm)¢ | pi(—k+l— m)¢] dé

I=—N

) <5(k+l+m)+6(k+lm)+6(k+l+m)+5(k+lm)>

> |

<

J(—k;—m)+J(—k—|—m)+J(k—m)+J(k+m)>

J*(k+m)+J(k—m)+ J(k—m) +J(k+m))

=
o~

=
3

(¢)

[ I R N R N - Y

eal(J(k +m)) + % Real(J(k — m))



The second contribution:

A2,.(6) = / sin(ke) T (6) cos(me) do

/ sin(ke) )el? cos(me) de
i . 7zk¢ i J(l)ellq& 1 eim¢+67im¢ d¢
2i 2
l=—N
N
1 —m i(— m 1(— —-m
_ Z Z / { k+l+m)¢>+ i(k+1 )b _e( k+l+m)¢ _e( k41 )¢:| d¢

2
%J(l) (6(k+l+m)+6(k:—|—l— )—6(—kz+l+m)—6(—k+l—m))
41< (—k +m) — J(/c—m)—J(k+m))
(s -y
=—42((k’+m) J*(k+m)>—412((k m) — J*(k—m)>

A} (0) = f% Imag(J(k +m)) — % Imag(J(k —m))



The third contribution:

ﬁmw=/mwijﬂmmm¢

N

= / cos(kg) > J(1)e"? sin(me) d¢
l=—N
1 ol 1
_ | L ike —iko ilp * [ im¢ _ _—img
—/2(6 +e > Z J(D)e 2@'(6 2 >d¢
l=—N

1 N
RS /J(l) {g(mumw _ pilkH=m)é | gi(—htbm)é _ ei(ka)(ﬂ do

t I=—N

1
= J0 (6(k+l+m)—6(l<:—|—l—m)+6(—k:+l+m)—6(—k+l—m))

1
S 4
1
T4

g (= rm)) g (=) )

<J(—k—m) —J(=k+m)+J(k—m)— J(k+m)>

<J*(k+m)J*(km)+J(km)J(k+m)>

49 41
A} (0) = f% Imag(J(k +m)) + % Imag(J(k — m))



The fourth contribution:

AL () = / sin(kg) JT(¢) sin(me) do
N

- / sin(ke) Z J(1)e'? sin(mg) do
/

l=—N

N
L — itg L imo _ _—imo
5 (e e Z J(D)e At e d¢

l=—N

N
_ L 3 /J(l) [ei(k+l+m)¢ _ ilhHem)g _ i~k 4m)é 6i(k+lm)¢] do

(1) (6(k+l+m)—6(k—|—l—m)—6(—kz+l+m)+6(—k+l—m))

J(=k —m) —J(=k+m)— J(k —m) +J(k+m))

Y I N R N N

J(k+m) +J*(k+m)) +1 <J(k —m) —|—J*(k:—m))

J
(

<J*(k+m) — J*(k —m) — J(k —m) +J(k+m)>
( i

R

Apm(9) = cal(J(k+m)) + % Real(J(k —m))

Ap o (9), AL (0), AY L, (6) and A () derived above are the contribution

to ELM in JOREK.

3.2 First derivative on the basis function

The first contribution:

A (6) = [ costi) 7(0) 3% cos(me) d

— / cos(kp) T (¢) sin(me) do

= —m|:— % Imag(J(k +m)) + % Imag(J(k —m))

Apn(9) = % Imag(J(k +m)) — % Imag(J(k —m))



The second contribution:

A@@b/mﬁ@ﬂ@%mwww

N
—m / sin(kg) S T sin(me) do

I=——N
=-m [ - % Real (J(k +m)) + % Real (J(k — m))}
A2 (6) = % Real (J(k +m)) — % Real (J (k — m))}
The third contribution:

o .
A%@=ﬂﬂ%5w%mwww

N
= m/cos(k:¢) Z J(1)e™? cos(mg) do
I=—N

1 1
=m {2 Real (J(k +m)) + 3 Real(J(k — m))
A3 (8) = 2 Real(Jk +m)) + 2 Real(J (5 —m))
The fourth contribution:

| o
AL (6) = / sin(ko) T(9) 7 sin(me) d

N
:m/sin(kxb) Z J(1)e'? cos(me) de

I=—N
=m [ - % Imag(J(k +m)) — % Imag(J(k —m))
AL u(0) = =2 Tmag(J(k +m)) — 2 Tmag(J (k- m))

Al

k.m

to ELM_n in JOREK.

(6); AZ 1 (0), AR 1 (¢) and A}

t.m (@) derived above are the contribution



3.3 First derivative on the test function

The first contribution:

AL (6) = %wwwﬂ@wwwm¢

N
— _m/sin(k(b) Z J(l)eiw cos(me) do

I=—N
=—m { — % Imag(J(k +m)) — % Imag(J (k —m))
A,lc7m(¢) = % Imag(J(k +m)) + % Imag(J(k —m))

The second contribution:

A2,.(6) = %mwwﬂ@mwwm¢

N
:m/cos(kqb) Z J(1)e'? cos(me) do

I=—N
=m B Real(J(k +m)) + % Real(J(k —m))

2
Ak,m

(¢) = % Real(J(k +m)) + % Real(J(k —m))
The third contribution:

Amw:/%mmwﬂ@mm@w

N
—m / sin(kg) 3 J()e™® sin(me) do

I=——N
1 1
=—-m [ —5 Real (J(k +m)) + 5 Real(J(k — m))
AR () = % Real (J(k + m)) — % Real (J(k — m))
The fourth contribution:

A;mw0=:/g%QMk@‘7w>ﬂnmw0d¢

m/cos(k¢) Z J(1)e'"? sin(me) de
I=—N
=m { - % Imag(J(k +m)) + % Imag(J(k —m))

A ()

—% Imag(J(k + m)) + % Imag(J(k - m))



Al (0), AL . (9), A}, (6) and Ay | (#) derived above are the contribution
to ELM_k in JOREK.

3.4 First derivative on the basis and the test function

The first contribution:

A (0) = [ 55 coshe) T(0) 5 cos(mo) do

=k m/sin(k(b) J(¢p) sin(me) d¢

=km { - % Real(J (k +m)) + % Real(J(k — m))
Apm(9) = —kTm Real(J(k +m)) + kTm Real(J(k —m))

The second contribution:

0 0
AR m(9) = 90 sin(k¢) J () %COS(WM de

= —k:m/cos(qu) Z J()e' sin(me) do

I=—N

1 1
= —km [ ~3 Imag(J(k +m)) + 3 Imag(J(k —m))
k k
AR (9) = Tm Imag(J (k +m)) — Tm Imag(J(k —m))
The third contribution:

3} 0 .
AR m(9) = 9 cos(kp) T (9) % sin(me) d
= —k:m/sin(k¢) Z J(1)e? cos(me) de
I=—N

= —km[— % Imag(J(k +m)) — % Imag(J (k — m))}

Ai,m(éf’) = kTm Imag(J(k +m)) + k'Tm Imag(J (k — m))}

10



The fourth contribution:

0 0
Aj L (8) = 7 Sn(k9) T(6) 57 sin(me) do

N

— km / cos(kd) 3 J(U)e cos(me) do

I=—N
=km [; Real(J(k +m)) + % Real(J(k —m))
Ap o (0) = k‘Tm Real (J(k +m)) + kTm Real(J(k — m))

Al

k.m

to ELM_n_k in JOREK.

(9), AL 1 (9), A}, (¢) and A}

om .m (@) derived above are the contribution
3.5 Second derivative on the basis function

The first contribution:

A (@) = [ costho) 7 3%2 cos(me) d

= —mQ/cos(k(Z)) J(¢) cos(me) do

= —m? [; Real (J(k +m)) + % Real(J(k — m))

m2 m2
Apm(9) = - Real(J(k +m)) — 5 Real(J(k — m))

The second contribution:

2

A (0) = [[sin(ko) T(6) 5 costm) do
N
= —m? / sin(ko) Z J(1)e'? cos(me) do
I=—N
=—m? [ — % Imag(J(k +m)) — % Imag(J(k — m))

Ai,m(d)) = mT Imag(J(k: + m)) + % Imag(J(k: — m))

11



The third contribution:

2

1ﬁmw=/mwij§%wwww¢

N
= —m? / cos(kg) Y J(1)e"? sin(mg) do
l=—N

=—m? [ - % Imag(J(k +m)) + % Imag(J(k — m))

A} (0) = % Imag(J(k +m)) — % Imag(J(k —m))

The fourth contribution:

2

. »
%m@:/wﬂwfwggmmww

N .
= —m? / sin(kg) > J(1)e'? sin(mg) do
I=—N
=—m? [ - % Real (J(k +m)) + % Real(J(k —m))
Ay () = %2 Real(J(k +m)) — %2 Real(J(k —m))

Allc,m,(@)7 A%,m(qb)v Aim((rb) and A4

k_7,L(cb) derived above can be the contribu-
tion to ELM_nn in JOREK.

3.6 Second derivative on the test function

The first contribution:
32
%mwz/ggww@JWwwww¢
=<1 [ cos(ko) T(¢) cos(mo) do
= -k B Real(J(k +m)) + % Real(J(k —m))

Apm(9) = —% Real(J(k +m)) — % Real(J(k — m))

12



The second contribution:

2

A2,(6) = %mmwmww

= —k‘2/bln ko) Z J(1 Zl¢ cos(me) d¢

= —k? [ - % Imag(J(k +m)) — % Imag(J(k —m))

AR n(0) = % Imag(J(k +m)) + % Imag(J(k —m))

The third contribution:

2
AM@/%MM@MWW

= 4@2/(308 ko) Z J(1)e"? sin(me) d¢

= —k? [ - % Imag(J(k +m)) + % Imag(J(k —m))
Ai,m(d)) = %2 Imag(J(k +m)) — %2 Imag(J(k —m))

The fourth contribution:
4 9 . .
mmm=/5@mﬁwﬂ@mm@m
= —k2/sm (ko) Z J(D)e'"? sin(me) de
= —k? [ -3 Real(J(k +m)) + 5 Real(J(k —m))
k2 k2
Ai’m(qﬁ) = — Real(J(k +m)) — Y Real(J(k —m))

A (0), A7 1 (9), AR

k,m

tion to ELM kk in JOREK.

(¢) and A4 (@) derived above can be the contribu-

13



3.7 First derivative on the test function and second deriva-
tive on the basis function

The first contribution:
2

A () = %mwwﬂ@%ymm@w

= km? / sin(k¢) J(¢) cos(me) de

= km? { - % Imag(J(k +m)) — % Imag(J(k —m))

2 2
n Imag(J(k +m)) — km

Al%:,m ((b) =

The second contribution:

Imag(J(k —m))

2

42,8 = [ L sin(ke) 7(6) 2 cos(me) dé

) 0¢ D¢?
N
= —ka/cos(k:@ Z J(1)e'? cos(mg) do
I=—N

= —km? B Real (J(k +m)) + % Real (J (k — m))

9 km? km?
Afn(9) = - Real (J(k +m)) — 5 Real(J(k — m))

The third contribution:
2

0 0
ﬁﬂ@:/%mwijggmm@w

N

=k m? / sin(kg) »_ J(1)e'? sin(mg) do
l

=—N

=k m? [ _ % Real (J(k + m)) + % Real (J(k — m))

A} () = k ZLQ Real(J(k +m)) + i ;ng Real(J(k —m))

The fourth contribution:
2

0 0
Ak m(9) = 90 sin(k¢) J () Py sin(me) d¢

N
=—k m2/cos(k</)) Z J()e'® sin(me) de
I=—N

= —k m? [ - % Imag(J(k +m)) + % Imag(J(k —m))

2 2
m Imag(J(k +m)) — km

Imag(J(k —m))

14



Al (8), AL . (9), A}, (6) and Ay () derived above can be the contribu-

tion to ELM_n_kk in JOREK.

3.8 Second derivative on the test function and first deriva-

tive on the basis function

an be the contribution to ELM_nn_k in JOREK.

3.9 Second derivative on the test function and second

derivative on the basis function

The first contribution:

2 2
AL (6) = / a%cos(k@ 7(9) a%cos( 6) dé

N
= k2m2/cos(k:¢) Z J()e'? cos(me) do
I=—N

22 [; Real (J(k +m)) + % Real (J (k — m))

2,2 2,2
Wm Real(J(k—I—m))—l—km

Apm(9) = Real (J(k — m))

The second contribution:

2

7 0?
AR (0) = 67528111(/@) J(9) WCOS(WZS) d¢

= kzmz/sin(kqb) Z J(1)e'? cos(me) do
I=—N

= k*m? { - % Imag(J(k +m)) — % Imag(J(k —m))

k2m?2 k2m?
Aim(qﬁ) = Imag(J(k + m)) —

Imag(J(k — m))

The third contribution:

2

02 0
AL (6) = / 5o Coslka) T(6) oz sin(ma) do

/cos ko) Z J(1 )el? sin (me) dé

I=—N
= k?m? [ - % Imag(J(k +m)) + % Imag(J(k —m))

kE2m? k2m?

AR (9) = — 5 Imag(J(k +m)) + Imag(J(k —m))

15



The fourth contribution:

4 0* . 0* .
Ay (@) = 997 sin(k¢) J () 997 sin(me) d¢
N
= k*m? / sin(kg) Y J(1)e'? sin(me) dé
I=—N
_ 2m? [ _ % Real(.J (k +m)) + % Real(.J (k — m))
Ai’m(qﬁ) = —kZ;nQ Real(J(k: + m)) + KEm? Real(J(k: - m))

A (9), AL (0), AL (6) and A, (¢) derived above are the contribution

to ELM_nn_kk in JOREK.

4 Ohmic Heating
The ohmic heating term in weak form is:
RHS=V;nJ-J

The implicit part of the term:

ORHS oJ .
oA —VZ-772J-aAi 1=1,2,3
ORHS _ 0On
Components of the current vector,
7 _ 0By, 10By
"79Z R 99
7 _1(0Br O(RBy)
2R\ 0¢ OR
7 0Bz 0Bg
*“\orR 0z

Components of the current in terms of the components of the magnetic potential:

; (62AZ 9 An 1aFa¢> 1(32AR a%p)
R — -

0Z0R  07° " Rovoz) R\ 082  9¢0R

16



L_L (v Az 82AZ782AR+l87F871/)7£
2" R2\0¢0Z 092 OR2 ~ OR0Z  ROYOR R2
1 (8AZ 0An F(¢)>

R\ OR  0Z R

0y  OR

1 <a2AR a?w) 1 <6AR aqp) 1 <a2¢ ~ 52,42)

*“R\ORO¢ OR?) R? R\922 ~ 9z0¢

In the implicit part, there will be terms containing second derivatives of the
basis function and hence ELM_nn needs to be implemented.
New contributions required: ELM nn.
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