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Suppose that we have a numerical representation of the vacuum magnetic field B⃗, obtained from some
code, e.g. EXTENDER. We want to find some scalar χ such that

∇χ = B⃗E. (1)

Note that χ is a solution of the Laplace equation on a torus since ∇ · B⃗ = 0. Thus, χ can be written as a
superposition of harmonics χm,l:

χ = F0φ+
∑
m,l

χm,l, (2)

where ∆χm,l = 0 and φ is the toroidal angle. Dommaschk gives a more explicit representation for χ̃ [1]:

χ̃ = φ+
∑
m,l

[
(am,l cosmφ+ bm,l sinmφ)Dm,l(R̃, z̃) + (cm,l cosmφ+ dm,l sinmφ)Nm,l−1(R̃, z̃)

]
, (3)

where a tilde denotes normalization: χ = F0χ̃, R = R0R̃ and z = R0z̃.
The particular magnetic configuration is determined by the coefficients {am,l, bm,l, cm,l, dm,l}. In order

to calulate these coefficients from B⃗E , a method involving integration over the R = R0 surface was used
before [2], however this method doesn’t work well for some advanced stellarators where the R = R0,
z = 0 circle exits the plasma at some points. In that case, the boundary has to be extended, which is
complicated and produces more numerical error that affects the end result. An alternate approach based
on the minimization of the squared error will be described here.

The magnetic scalar potential can be written as follows:

χ =
∑
i

αifi(R̃, z̃, ϕ),

{αi} = {F0} ∪ {F0a0,l}Ll=1 ∪ {F0am,l}m=M,l=L
m=1,l=0 ∪ {F0bm,l}m=M,l=L

m=1,l=0

∪ {F0cm,l}m=M,l=L
m=0,l=1 ∪ {F0dm,l}m=M,l=L

m=1,l=1 ,

{fi} = {ϕ} ∪ {D0,l}Ll=1 ∪ {Dm,l cos(mϕ)}m=M,l=L
m=1,l=0 ∪ {Dm,l sin(mϕ)}m=M,l=L

m=1,l=0

∪ {Nm,l cos(mϕ)}m=M,l=L−1
m=0,l=0 ∪ {Nm,l sin(mϕ)}m=M,l=L−1

m=1,l=0 .

(4)

Note that the cardinality of the set of coefficients is |{αi}| = 1 + 2M(L + 1) + 2L(M + 1). Using the
notation above, the volume-averaged squared error can be written as:

S = ⟨|∇χ− B⃗E|2⟩ =
1

V

∫
V

(∇χ− B⃗E)
2dV

=
1

V

∫
V

∑
j

αj
∂fj
∂R

−BE,R

2

+

∑
j

αj
∂fj
∂z

−BE,z

2

+

∑
j

αj

R

∂fj
∂ϕ

−BE,ϕ

2 dV,

(5)
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where the integral is taken over a toroidal volume V, and V =
∫
V dV is the value of that volume. The

derivative of the error with respect to a coefficient αi can then be written as:

∂S

∂αi
=

2

V

∫
V

∑
j

αj
∂fj
∂R

−BE,R

 ∂fi
∂R

+

∑
j

αj
∂fj
∂z

−BE,z

 ∂fi
∂z

+

∑
j

αj

R

∂fj
∂ϕ

−BE,ϕ

 1

R

∂fi
∂ϕ

 dV.

(6)
In order to minimize the squared error, one must set all of the derivatives to zero, which results in
1 + 2M(L+ 1) + 2L(M + 1) linear equations:∑

j

αj

∫
V

(
∂fi
∂R

∂fj
∂R

+
∂fi
∂z

∂fj
∂z

+
1

R2

∂fi
∂ϕ

∂fj
∂ϕ

)
dV =

∫
V

(
BE,R

∂fi
∂R

+BE,z
∂fi
∂z

+
BE,ϕ

R

∂fi
∂ϕ

)
dV,

i = 1, ..., 1 + 2M(L+ 1) + 2L(M + 1).

(7)

These equations can then be solved for the coefficients {αi}.
As compared to the previous method, the new method described here allows one to use a much lower

resolution in the z direction. However, in spite of the simpler derivation, the new method requires much
more time to calculate the coefficients, as it must evaluate the functions fi at all points on the grid when
integrating, which can be slow when implemented in Python.
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